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PREFACE. 



v^ These notes are collected in this form in order that the 

* students attending the author's lectures during the Junior year 

C^ in Sibley College may have a ready reference to all formulas 

used. Blank pages are inserted in order that frequent notes may 

be made. The author acknowledges indebtedness to all who have 

preceded him in the field and from whose works he has largely 

drawn. Especially from Barr's " Notes on the Design of Machine 

Elements " and Smith's " Machine Design " was much taken. 

Mr. T. J. Rodhouse kindly loaned his notes on Mechanics from 

which Chapters XIII and XV were arranged. Professor W. N. 

Barnard kindly assisted in various parts of the work. To all of 

, these and to others who have at any time assisted in any of the 

>K work the author wishes to express his thanks. 

^ Walter Rautenstrauch. 

\ October, 1905. 
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SYLLABUS OF LECTURES AND NOTES 



ON THE 



ELEMENTS OF MACHINE DESIGN. 



CHAPTER I. 
MATERIALS OF MACfflNES. 

The materials for machine members are selected according 
to their 

I Resilience 
Strength 
Coefficient of Friction 



(b) Adaptability 



for Casting 
for Forging 



The stresses at which materials should be worked will de- 
pend on 



(a) Nature of Stresses 
to be resisted 



(b) Nature of Material 



Constant (dead load) 
Repeated (live load) 
Shocks 
. Unknown Stresses 

Homogeneity 
Internal Stresses 
. Flaws 



2 ELEMENTS OF MACHINE DESIGN. 

The materials commonly used for machines and their proper- 
ties are given in the following table from "Materials of Machines," 
by A. W.Smith: 



Material. 


Tensile Strength. 


Compressive 
Strength. 


Resilience. 


Hicrh-carbon steel 


Very high 
High 

Medium 

Low 
Medium 

High 

Low 
Very low 


Very high 

High 

Medium 
Very high 

' High * 


Medium 


Wrought iron 


High 

High 
Low 


Cast iron 


Malleable iron 


High 

High 

Medium 


Steel casting 


Brass or Bronze 


White metal 









CHAPTER II. 
SIMPLE BEAMS. 

1. Analysis of external forces. 

2. Analysis of internal stresses. 

3. Shape of material to resist internal stresses. 

4. Beams of uniform strength. 

NOTATION. 

P= concentrated load in pounds; 

7£;= uniform load per inch; 

pr=imiform total load; 

/= length in inches; 
M = bending moment, inch-pounds ; 

£= modulus of elasticity; 

/= rectangular moment of inertia; 

/p= polar moment of inertia; 

d = deflection in inches ; 

*= radius of gyration, inches; 

i4 =area, square inches; 

A = height, inches; 

b = breadth, inches ; 

/<= maximum allowable fiber stress per square inch tension; 

/c= maximum allowable fiber stress per square inch compres- 
sion; 

/,= maximum allowable fiber stress per square inch shear; 

e«= distance of neutral axis from most strained fiber in tension; 

^0= distance of neutral axis from most strained fiber in com 
pression; 

/= shear; 



2=-= section modulus. 
e 
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FORMULA. 

The following formulae have been collected for convenient 
reference in the solution of problems: 



I. Fig. I Maximum moment =P/; 

I PP 
* * deflection = — -^rr ; 
3 ^^ 

'' shear = P. 



—i i^ 



? 



h / 



r/G. I r/G. a 



2. Fig. 2 Maximum moment = JPr/; 

I TF/3 
' * deflection = - ^^7- : 

lLI 

shear =W^. 

3. Fig. 3 Maximum moment = 1P/; 

1 P/3 
'* deflection =—-=77; 

40 hii 






shear =§P. 



^ **- 



nc^ 



4. Fig. 4 Maximum moment =JPr/; 

'' deflection = -^-=77: 
384 EI ' 

shear =iI7. 



SIMPLE BEAMS. 

5. Fig. s Maximum moment =P2/2 or Pih; 
shear=P2 if l2<h; 
* * deflection occurs at a distance 



Sjj(2l-h) 



from the left-hand support and is equal to 



© . , (^ (^ @ , 



-i—A^ii^^ ^ 



6. Fig. 6 Maximum moment occurs where shear is zero. Thus 

if Pi+P2>Pb<P2> the maximum moment is 
under Pi and is PB(h+h)—P^z', 
Maximum shear =P^ or Pb. 

7. Fig. 7 Maximum moment =/( — +-r-); 

deflection=;g^(^^+^; 
shear =(JP+W^). 

8. Fig. 8 Maximiun moment =P/; 

deflection=^(3/2-4/i2); 
" shear =P. 
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9. Fig. 9 Maximum moment = JTF/+P/; 

deflection=^^P/i (3/2-4/12) +ftWn, 
shear=JTF+P. 

rtc.9 ^/c./o 

10. Fig. 10 Maximum moment =/(P+ J W); 

deflection=-^(JP+|Tr); 
shear=Tr+P. 

11. Fig. II Maximum moment is under P or between P and the 

middle of the span depending on whether 

For the first case the 

Maximum moment = — 7— + j— . 

For the second case the 

^. . VPh i„rir^^i I /I 

Maximum moment = 1 —r- +-Ty -7^^ +-/ I 
Maximum shear =P when hKh. 



f I 









r=jr^ 



Pl^h 
12. Fig. 12 Maximum moment = — »-(3/— /i); 



P/-2 //_/, 

deflection=^^(/-/0s|3jzt; 
shear =P^ or P^. 



SIMPLE BEAMS. 
13. Fig. 13 Maximum moment =J»7; 



tt 
it 



deflection = 0.0054 -^y ; 



shear =|ir==P^. 
1/1/ 



yyr @ (J3N 



^ 



•*i. 



FIG. 13 ^ ' /^/e.% 



Aj*^'/*^ 



14. Fig. 14 Maximum moment =P/i; 

"3 



deflection =--^1^; 



** shear = P. 
15- Fig. IS Maximum moment = JIT/ (i-~j^; 

" *— T('-f)-°. . 

16. Fig. 16 When h>h\/^, then 

Maximum moment= -^{J/2^— /i^]; 
When/2</i\/8, then 

Maximum moment = — f-. 
2/ 

When /i>i/, then 
Maximum shear =2t;/i ; 

When /i< J/, then 
Maximum shear = JW - wh. 
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''-^•■' — ^^--— =;^' 

where 7"= weight per cubic unit, 
inconstant breadth; 
Maximmn shear =i7'6(/2-3iv2)^ 

ndty FIG. iQ 

1 8. Fig. 1 8 The maximum moment under any wheel occurs when 

that wheel and the resuhant pressure of all the 
wheels on the span are equidistant from the center 
of the span. The maximum shear is found by 
computing the reaction in each case when the 
wheel is just passing off and taking the largest 
of these. 

1 9. Fig. 1 9 Maximum moment = \Pl = M ^ = Mb = Mq ; 

I W 
*' deflection = — "f^: 
192 EV 

'' shear = JP. 

\-i^i^ 11—7—? 

no, 19 ^ FIG. BO 

20. Fig. 20 Maximum moment = -^Wl = Ma = Mb = Mc ; 

I WP 
' * deflection = -^ -^rr ; 
384 EI 

'' shear = JIT. 
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BEAMS OF UNIFORM STRENGTH FOR MATERIALS OF EQUAL 
STRENGTH IN TENSION AND COMPRESSION. 

The moment in any case may be found from the preceding 
formulae. The outline of the beam may be found from the 
accompanying equations, where 

h = maximum height ; 
fr»maximum breadth; 
X = distance from support ; 
hi ^height at x; 
6i=breadth atx. 

I. Fig. 21 A » constant; 
b(l-x) 





rfG. £S 



6= constant; 



3. Fig. 23 A = constant; 
, 2bx 





r/c. £4 



6 = constant; 



lO 
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5. Fig. 2$ A = constant; 





r/c^s 



FiQ, 26 



6. Fig. 26 inconstant; 



CHAPTER m. 

BENDING AND DIRECT STRESS. 

I. 

Combined Bending and Direct Stress, 

P=load; 

a = eccentricity of load. 

Other notation as before. 

P 
Fiber stress due to direct stress =/' = ± -j. 

Pae 
Maximum fiber stress due to bending =/"=» ± —j-. 

Maximum fiber stress due to both causes = 

P Pae 

Whether or not the factors /' and f' are + or — must be seen 
from inspection. 

II. 

Graphic Solution for Center of Gravity of an 
Irregular Figure. 

It will at once appear from the above equation that / cannot 
be found unless A and I and center of gravity, upon which e 
depends, are known. These values may be readily found for any 
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regular section. For irregular sections as frequently found in 
machine frames, these values are found graphically as follows. 





r/G.a? 



A. Lay out the section to convenient scale. The section 
divides itself into four regular parts, so that the area of the 
entire section wiU be the sum of these four partial areas. If the 
section happens to be more complex, a greater number of parts 
must be chosen or a planimeter may be conveniently used. 

C. G. Divide the section into a convenient number of strips 
(i, 2, 3, 4, 5, 6, 7). Through the center of gravity of each strip, 
which, if the strips are small, may be taken half-way between the 
sides, draw a number of parallel lines {a, 6, c, d, e, /, g) as shown. 
Next lay oflF a line WT, parallel to the strips, and on this line 
mark ofif the distances i, 2, 3, 4, 5, 6, 7, respectively proportional 
to the area of the strips. 

From the extremities of these divisions draw lines. at an 
angle of 45 degrees, intersecting at O. Draw the rays to the 
extremities of each division as shown. 
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Begin at some convenient point x and draw a line parallel 
to OW and in extent as shown. Where this line intersects (a) draw 
a line parallel to 01 intersecting (b). From this intersection draw 
a line parallel to 02, and so on until the entire diagram is drawn, 
the line drawn parallel to 07 being extended until it intersects 
the line drawn parallel to OW. At this point of intersection 
dra^v a line parallel to the lines a, b, c, etc., and it will pass 
through the center of gravity of the section. If the location of 
the center of gravity of an unsymmetrical figure is to be found, 
this process must be repeated by taking strips at right angles, 
the intersection of the two gravity lines locating the center. A 
gravity axis is usually all that is r^uired. 

The moment of inertia is sometimes found graphically by 
multiplying the shaded area ABC by the area of the section and 
introducing the proper scale factor. This is, however, not recom- 
mended since the moment of inertia may easily be found by the 
usual methods given in works on Mechanics. 



CHAPTER IV. 



TORSION AND BENDING. 



Simple Torsion. 




With the notation indicated in the figure the following for- 
mulae may be derived: 

hip 



e 

XT p 

Pa = 63024-^ 



H.P. = horse-power; 

JV'= revolutions per minute. 



= 68.s<l5 



N}.' 



/.= 



eaE, 



(I) 

(2) 

(3) 
(4) 
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a = angle of torsion in n measure; 
£,= modulus of shearing. 



, e0E. 



5 = angle of torsion in degrees. 



1-4 



„ Pal JPai 



rr 



^ = 77.66>3|g (7) 

II. 

Combined Torsion and Bending. 

The formulae for combined torsion and bending may be de- 
rived as follows: 

Let a small triangular plate as shown, of small thickness, 
be removed from the surface of the shaft. The stresses on such 
a plate are as represented in the figure. 
The stresses (/) are induced by the tor- -^-^->-^-^-^->. 
sion, (/i) is induced by the bending, ^^^i^s. ^ 
and (/2) is the resulting tensile stress "''"^fc^V. 

occurring on the surface ACy so taken ^ '^^^^Ss. 

that no shearing stress appears; in other ''•'■^ 

words, it is nonnal to the resultant of / o. y 

and / and /i. In accord with this the value of may be found 
as follows: 

Summing the forces in the direction i4C we have 



whence 
and 



}{AB cos d) +fi{BC cos e) = j{BC sin d)\ 
0=/(cos2 0-sin2 d) +/i sin cos 0, 

2/ 

tan 2^== — y. 
h 
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The value of the stress on th^ face i4C is found as follows: 
Summing the forces normal to the face AC, we have 

MC=/i5C sin 0-fAB sind+fBC cos 0; 
/2=/i sin^ d+2} sin cos 0; 
/2 = i/i(i —cos 20) +/ sin 20. 

Substituting for cos 20 and sin 2 ff in terms of tan 20, we have 

Letting Mi represent the bending moment producing /i, and 
T represent the torsional moment producing / and /, we may 
combine these into an equivalent moment If 2, producing the 
stress /2; thus we have 

, Ml 

32 
, M2 

32 



whence 



M2 i Mi £ 
32 32 ^ 




or 



M2 = Wi + WMi^ + T^ (8) 



For a solid circular shaft the above may be put into the 
convenient form 

d=<^4(M+\/if2+r2) (9) 



TORSION AND BENDING. 
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For hollow shafts such as are used aboard ship, if we let 

rf= outside diameter, 
d' = inside diameter, 

we may write for simple torsion 

I TT p 

'^=68.5N|(,_„4)iv/.' (") 

and for combined torsion and bending 

III. 

Graphic Solution for Combined Torsion and Bending. 

When cases arise in which there are several forces acting on 
a shaft, producing bending in different planes and torsion, the 
solution is more readily carried 
out graphically. 

As a simple case consider a 
shaft on which are acting forces 
at an angle a and which pro- 
duce bending moments and a 
torsional moment as shown in 
the figure. 

Draw the center line of the 
shaft at any convenient angle 
(in this case it is taken,' 45°), 
and at the several points where 
the forces act draw in the maximum moments i and 2 to scale. 
These forces act normal to the shaft. 




FIG 30 
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Combine the ordinates of the moment diagrams at the points 
where the forces act and obtain the resultants Mi and M 2. These 
are the resultant bending moments at these points, one of which 
is a maximum. Letting Mi be found to be the maximum moment, 
it will be necessary to combine it with the torsional moment in 
the shaft to get the equivalent torsional moment. 

If the equivalent torsional moment is T'2, we may write 

T2=MiWMi^ + T^. 

Graphically this may be solved thus: Lay oS AC equal to T 
to scale and at right angles to Mi as shown. Join AD and extend 
the line to B, a distance equal to DC. AB then represents to 
scale the equivalent torsional moment in the shaft. 



CHAPTER V. 

FORMS DICTATED BY INTERNAL STRESSES. 

In the foregoing chapters have been derived the formulaB 
relating the external forces on a machine part to the internal 
stresses they produce. Let us now examine these formulae more 
closely and see if the factors determining the internal stresses do 
nDt indicate certain forms more suited than others. Take first 

P 

the simple formula for tension, //=t- This gives no definite 

idea of form — area is all that is required, and one may use a 
circular or rectangular section as desired, being careful, of course, 
to see that the tension is uniform over the entire section. Econ- 
omy of manufacture or appearance may sometimes decide the 
form to use. For compression the same formula may be used 
for short members and the section decided as above. For long 

FA 

mn^E\pl 

formula shows that the stress varies inversely as the radius of 
gyration of the section. A section with the material distributed 
well out from the axis gives the desired result; therefore, if bend- 
ing is liable in one plane only, which can be determined from 
the end conditions, an I section, or rectangular section if the I 
is too expensive, may be used. A hollow circular section will 
give the best results for liability of bending in any plane, or a 
hollow square or box section, if it can be produced cheaper and 

19 



columns we have / = 7 — 77\~2- Among other things this 
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Me 
more conveniently used. Take the stress due to flexure, /= -y-. 

This formula indicates that the stress varies inversely as the 
moment of inertia of the section. This suggests the I form of 
section if flexure occurs in one plane only. If it is liable to occur 
in a plane at right angles also, the box form would probably 
meet these requirements better than any other form. The same 
is also true of torsion. In machine frames, as a rule, the stresses 
acting are a combination of these simple stresses; that is, the 
frame may be subject to flexure, torsion, compression, at the 
same or different times. It will be required, then, to have a 
form of section which will take up any combination of these 
stresses. It seems, from what has been said already, that a hol- 
low section is the best suited, and of the hollow sections the box 
form seems to be the most advantageous. Professor A. W. 
Smith, in his "Machine Design," says of the box form: 

I. " Its appearance is far finer, giving an idea of completeness 
that is always wanting in the ribbed frames." 

II. "The faces of a box frame are always available for the 
attachment of auxiliary parts without interfering with the per- 
fection of the design." 

III. "The strength can always be increased by decreasing 
the size of the core, without changing the external appearance of 
the frame, and therefore without any work whatever on the 
pattern itself." 

Besides a thorough knowledge of the principles of mechanics 
one must have the faculty to recognize other factors entering into 
the design of machinery in order to become a successful designer. 
Some of the things that may influence the design are: 

1. Cost of patterns or core- work. 

2. Cost of machine-work. 

3. Interchangeability. 

4. Effect of temperature stresses. 

5. Special adaptation. 

It may be well to examine the stresses occurring in some 
typical machine. 
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The design of the punch may well serve to illustrate the appli- 
cation of the foregoing principles. 

Fig. 31 will represent a good form of punch frame, and the anal- 
ysis of the stresses will be con- 
fined to sections (a), (6), and (c). 

At (a) the stresses will be a 
combination of direct tension 
equal to P and stresses due to 
the bending moment P(l + x). 
The solution for a section of 
this kind must be made by trial. 
We will assume a section as 
shown in Fig. 27. It will be noted 
that all the comers are well 
rounded and that no abrupt 
changes in section occur, which is what is required to reduce tem- 
perature stresses to a minimum. It will also be noted that since 
this must needs be made of cast iron, which has a higher allow- 
able stress in compression than in tension, the material is more 
concentrated on the tension side in order to bring the gravity 
axis nearer the tension side, so that et becomes smaller than Cc, 
upon which factors the respective stresses directly depend. The 
ratio of Ct to Cc cannot be made equal to the ratio of maximum 
allowable stresses in tension and compression respectively, because 
the machine would look out of proportion or the section may 
be a bad one for casting. The first thing to be done, then, is to 
assume some dimensions for a section such as found in Fig. 27, 
and, as given in the preceding chapter, find the moment of inertia, 
Ct, and the area. The maximum tensile stress will be 



^'-A+ I ' 



Suppose dimensions are assumed for a section as given above 
and that for a given force P it is found that ft = 3000 lbs. per 
square inch. This is somewhat too large a value to use for the 
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load being suddenly applied, and, there being also temperature 
stresses which cannot be computed, the actual stresses in the 
frame are very uncertain. It is therefore advisable to use a 
lower stress, which has been found in practice to give good results. 
Let it be assumed that the maximum stress in tension shall not 
exceed 2200 lbs. per square inch, how is the design to be altered ? 
It will be noted that if all the dimensions of the section are 
multiplied by any given factor, / will vary as the fourth power 
of the factor, A as the square, and Ct directly. Therefore we 
may select by trial some factor which, when used in the equation 
for /<, will give a value near 2200 lbs. per square inch. The 
dimensions of the trial section when multiplied by this factor 
will then give the proper dimensions to the section. If a punch' 
frame has been designed for a given load and patterns for the 
same are made, the same pattern may be used for a punch to 
use a greater force if a smaller core is used, thus giving a larger 
section. 

At B the force is not normal to the plane of the section and 
we therefore have a shear over the section as well as a direct 
tension and stresses due to flexure. The shear is usually not a 
deciding factor. The tension stress is usually greater than any 
and decides the proportions of the section. Let the section B 
make an angle a with the horizontal and it will appear that the 
direct tension normal to the section will be P cos a, and the ten- 
sion due to flexure will be — f-, whereupon 



Pcosa P/jgf 



The section may be assumed of the same proportions as the 
horizontal section, and the dimensions may be found as in the 
preceding. 

When a = 90° the same analysis will apply to a vertical sec- 
tion. These proportions may again have to be altered to give 
the machine a good outline or for the attachment of parts. 
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The above analysis may be applied equally well to any kind 
of machine of the same form, such as slotting-machines, etc. 
When the above frame is used for a shear there will also exist 
a torsional stress as well as the others mentioned. A somewhat 
lower fiber stress, according to the designer's judgment, will 
account for this. 



CHAPTER VI. 



STRESSES IN GEAR-WHEELS. 



Stresses in Spur-gear Teeth. 

It is usual to consider the load as coining entirely on one 
tooth, and at the maximum obliquity of action when the load 
acts on the end of the tooth. Also, when the width of face does 
not exceed about three times the circular pitch, it may be assumed 

that the load is evenly distributed 
along the. whole face of the tooth. 
According to the above, and as 
illustrated in the figure, the mo- 
ment acting on the tooth is P'X' 
and the weakest section is at aa', 
from which we have 

e 
I and e being taken at the section 

This distance aa' can be seen to depend on the circular 
pitch of the teeth and the outline of the tooth as follows: For a 
generating circle proportional to the pitch circle the distance aa' 
can be expressed in terms of the circular pitch and number of 
teeth in the gear. 

For a generating circle equal in diameter to the radius of a 

24 
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15-tooth pinion, and fillets with a radius equal to one-sixth the 
space between the teeth at the addendum circle, we have the 
formula of Professor Barr for the load per tooth, 

0.-6-°^) (0 



-Pif{ 



>=pb}(. 



where ^= circular pitch in inches; 

6= width of gear face, inches; 
/= fiber stress in pounds per square inch; 
w= number of teeth in gear. 
For a generating circle equal in diameter to the radius of a 
i2-tooth pinion and fillets with a radius equal to the clearance 
at the bottom of the teeth, we have the formula of Mr. Lewis, 

o.888\ . . 

0.124 —jy (2) 

from which, if Z?= pitch diameter of gear, we have 

p=D^o.22-sjo.o49-^^]. ... (3) 

11. 

Stresses in Bevel-gear Teeth. 

According to Mr. Lewis, it may be assumed that a spur-gear 
of pitch and diameter equal to the pitch and diameter of the 
bevel-gear at the larger ends of the teeth is stronger than the 
bevel-gear in the ratio of D to d, when D is the pitch diameter 
at the larger end and d the pitch diameter at the smaller end. 
According to which Professor Barr writer 

P=^/(o.x.4-^)|-; (4) 

whence 

P=Z)(o.222-^Jo.o48-^^) .... (5) 
for ordinary length of face. 
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III. 

Stresses in Arms of Gear-wheels, and Proportions of 
Rim and Nave. 

The allowable stress, according to good authority, may be 
taken as follows: 

600 



For cast iron, / = 8000 (TTTTy ) > 

'! steel, / = 2o,ooo^^^— p,j; 

'* bronze, /=i2,ooo( ^^^^ j; 



where 7= velocity at pitch line in feet per minute. 

An exact analysis of the stresses occurring in the arms of a 
gear-wheel is not very satisfactory since there are stresses due 
to shrinkage which cannot be computed. It will be safe to con- 
sider the arm as a cantilever, with a length =i? and a load at the 

p 
end=^, where iV= number of arms. (See Fig. 32.) For an 

elliptical arm as shown, let h and - represent the proportions 
the arm would have if projected to the center; then 

N e^ 
— for ellipse having proportions as shown =o.os5^; whence 
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Because of unknown stress a low fiber stress should be used, 
so 1000 lbs. per square inch may be taken. The arms at the 
top are usually tapered to J or § size. 

Other proportions of the gear are established by good prac- 
tice, for which we may take 

Diameter of hub = twice diameter of shaft; 

Length of hub = width of rim; 

Thickness of rim = thickness of tooth reinforced by a "bead " 
of same thickness and depth. 

Good judgment must always be used, and the designer must 
always keep in mind how the proportions will cast. 



CHAPTER VII. 

STRESSES IN SPRINGS. 

I. 

Stresses in Flat Springs. 

notation. 

P=load on spring; 
Zr=free length of spring; 
/= intensity of stress in outer fiber; 
/= moment of inertia of most strained section; 
A = dimension of this section in plane of flexure; 
6= dimension of this section perpendicular to plane of flexure; 
E= modulus of elasticity of material; 
5= deflection of spring; 
w= number of strips; 

6= breadth of one strip =—. 

From the general theory of beams we have the following 
formulae applying to flat springs, as shown in Fig. 33 : 

PL^Ajhh?, (i) 

^^^Ebh^' (^) 
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where A and B have values for the various types as assigned in 
the following table: 





Coefficient. 


Typ*. 






A 


B 


I 


i 


J 


2 


i 


i 


3 


i 


6 


4 


i 


4 




t7 







t< 




FIG. 33 



From the above formulae, the following formulae are derived: 

(3) 



' EnbihH 



P = 



BL? 



Afnbih^ 



(4) 



AB}L? 



(5) 
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^IBL2; (6) 

PL 



In applying the above formulae to steel springs it is safe to 
assume 

£=30,000,000; 

r , 7500 

7=00,000 +—T--. 

In practice springs are sometimes found which are a com- 
bination of those forms shown in Figs. 331 and 332. In this 
event the number of plates extending the whole length of the 
spring is usually one-fourth the total number. The deflection 
then would be equal to the deflection of a spring shown in Fig. 
332 minus one-fourth the difference between the deflections of 
types in Figs. 331 and 332, or 

6P£3 i /6f£3 f£3 \ 5.5fZ3 

Enhhz 4\Enbi¥ ^Enbihy'' Enbylfi' 

and we have 

, 11^ PL^\ 
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(8) 



For any other combination the proper coefficient may be 
found as in the preceding cases. When leaves of different thick- 
ness are used, the thickest leaf has the greatest stress. A band 
in the middle, to secure the plates, reduces the effective length 
of spring by one-half length of band. 
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II. 



Stresses in Helical Springs. 
Fig. 34 represents a helical spring. 

NOTATION. 

P=load on spring; 
r= radius of spring to centre of wire; 
e=radius of wire; 
d= diameter of wire; 
/,= maximum stress due to torsion 
15,000 



=40,000+- 



for mild steel; 




' 1 • -/ 



r/sj4 



£= modulus of shearing _ 

= 12,000,000 for mild steel; 
5= deflection of spring; 
«= number of coils in spring; 
i= length of wire in spring. 

The principal stress induced in a helical spring is torsion, from 
which we obtain 



Pr= 



hip 



(9) 



since the above may be considered the same as a straight circular 
rod subject to a turning moment Pr. 

It is evident that this equation is true for any section of the 
spring and is therefore perfectly general. From it may be found, 
then, the load (P) any spring will carry for an assigned fiber 
stress when the diameter of the wire and radius of the coil are 
known. Or, for any given load and allowable stress, what pro- 
portions of coil will be needed. 
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We may solve this eqxiation for the several factors and obtain 



i6P °-^ P ' 



(") 



'^=n^=^-72n/-^; .... (12) 

, i6Pr Pr , ^ 

'^=^^ = 5.1^ (13) 

These equations apply strictly to the strength of the spring. 

It is sometimes necessary to know the amount of deflection 
resulting from a given load, and in order that this may be a given 
amount or within certain limits it is necessary to know the rela- 
tion between the dimensions of the spring and the deflection for 
a given load. 

This relation may be arrived at as follows: From the pre- 
vious analysis it is evident that the spring may be considered as 
a rod under a torsional moment, so that the deflection of such a 
rod may be directly applied to the spring. For example, a rod as 
shown in Fig. 28 is under stress so that the element / is twisted 
to the position /'. 

For any length / it will be seen that 









i8= 


ea 


Buti8= 




whence 


/.= 


eaE, 


and substitution in 


equation (9) 


gives 








Pr= 


alpEs 
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In this equation a is the angle of twist, and it will be seen that 
the distance the load P passes through will be ar. 

Consider the same condition in a helical spring, and we have 
for any portion of the spring as shown that the distance the 
load passes through (ar) is the deflection of the spring. Letting 
the deflection ar be expressed by 5, we have 

and reducing this equation by substituting for the various factors, 
we have for /=2»rm 

^=6^5 (^4) 

from which 

which equations relate the deflection and proportions of the 
spring for different loads. These equations may now be com- 
bined so as to give a relation between the load and both strength 
and deflection, whence 

i2.S7nr^f. _ 
^= E.d (^7) 



I ddE, 



(i8) 



i8.S7nfa/. 

^ — dET ^'^^ 



CHAPTER VIII. 

LONG COLUMNS. 

When a short piece of material, one whose ratio of diameter 
to length is less than about i to 6, is subjected to compression, 
the material will fail by direct crushing of the fibers. However, 
for a greater ratio of length to diameter, that is, for long columns, 
when compression is applied, failure is mainly due to the buck- 
ling of the column. Many formulae have been derived for such 
a condition, but the following only will be considered : 
I. Euler's formula. 
II. Ritter's formula. 

III. Rankine- Gordon formula. 

IV. Formula for eccentric loading. 

I. 

Euler's Formula. 

Euler's formula is probably the oldest and may be expressed 
as follows: 

P'=w£/^; ....... (i) 

where P' = the breaking load; 
/ = length of column; 
"^ w= factor for end conditions as shown in the following 
figures. 
Thus we will have values i, 4, J, J, respectively, for condi- 
tions I, 2, 3, 4. 
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For the derivation of Euler's formula refer to Church's 
"Mechanics," Part III, Chap. IV. It will be noted that in the 
derivation of this formula only the stress due to the buckling 
action is taken into account. This will give large values when 




r/6, 3S 

the column is comparatively short, for it will be evident that for 
the short column a good portion of the stress will be due to the 
direct crushing eflfect. Of course there will be the same amount 
of direct crushing no matter how long the column, but it is to 
be understood that for comparatively long columns this is very 
small compared with the stress due to buckling. For this reason, 
then, Euler's formula should not be used for columns shorter 
than a given amount. This may be shown by a diagram (see 
Fig. 36) as follows: 
We may write 



^mE- 



l V 



.STj 



==mE 



(ir 
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Assume the material shall not be stressed beyond 36,000 lbs. per 

/ 
square inch=^niax. and £ = 29,400,000, and plotting values of — 

r 

to p, we obtain the curve (£) in the accompanying diagram for 
round-ended colunms. Thus it will appear that under these con- 
ditions Euler's formula should not be applied for values of less 
than 90. 

II. 

Ritter's Formula. 
Some years ago, Ritter derived the following formula: 



p'=- 



1+ 






mn^E 



where P'=the breaking load; 

/= stress at elastic limit. 



(2) 
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When the formula is to be solved for any working load P it 
may be expressed 

I. 



f- 



1+ 



/ /iV 



mifiE \p 



& 



(3) 
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where ft = factor of safety, or 
y = working stress. 

This formula accounts for the direct compressive stress and 
stress due to buckling, and may be derived as follows: Euler's 
formula, which considers only the stress due to buckling, may 
be expressed 



>=m£/5, 



and the stress diagram on the cross-section of maximum stress 
may be shown as in Fig. 37a. 

If the diagram for direct compressive stress. Fig. 376, were 
combined with the diagram for the stress due to 
buckling, the stress diagram shown in Fig. 37c ^^ 

would result. npji^^^^ ' 

Let / = maximum stress in Fig. 37c; ^^ 

/'=uniform stress in Fig. 376; l"im"""J»»fnB 

/"= maximum stress in Fig. 37a. ^ 

From which it will appear that llllllllli^ 



r&f- 



Letting Fig. 37a represent the stress diagram obtained by a 
formula taking into account only the buckling action (Euler's), 
and Fig. 376 represent the stress diagram obtained by a formula 
taking into account both buckling and crushing (Ritter's), it will 
be seen that Ritter's formula may be derived from Euler's for- 

mula by multiplying the latter by the ratio —7— ; thus 
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i+~ 



fttTC^EI 



-4i© 



If this formula is plotted to the same coordinate as the Euler 
formula, curve (R) will result, as shown in Fig. 36. Comparing 
these two curves, E and R, it will be noted that for the smaller 

values of — the curves have a greater difference than for the 

r 

larger values. This of course is to be expected, considering 
what factors enter into each formula. 

Ritter's formula seems to be perfectly general for all values 

of -, while Euler's formula can only be safely used for the larger 

values. Ritter's and Euler's formulas are not very far different 
for the larger values. 

III. 
Rankine- Gordon Formula. 

If ^ be written for -^y we have 



F P-TTT. (4) 



1 + 



m' 



which is known as the Rankine- Gordon formula. To /5 are 
assigned values derived from experiments, hence this formula 
can only be applied for such cases where experiments have been 
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performed. This formula is used by a number of steel-mills and 
may be foimd in their hand-books. 

Professor Barnard has very neatly arranged Ritter's formula 
in the following manner. Given the dimensions of any section 
in terms of d, we write 



Area=a(P, 



(P 



and also let 



(Radius of g3rration)2=-T-; 

/ 



^=<^; 



whence Ritter's formula will appear as 



whence 



P' = - 



i+c6 



©' 



P 



P'+Fbc^=}ad^; 
fad*-P'd:^=P'bcP; 



d - 



,©( 



1 + 



M 



N 



2bcP 



(5) 
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or, using P=the working load, 

T-=the working stress, 



d = 



M 




(6) 



It is convenient to have this formula directly apply to the case 
of the piston-rod, whence 



^=0.785, 6 = 16, c = 



30,000 



I X 10 X 30,000,000 10,000 



Since the end conditions are uncertain, m is taken as i in solv- 
ing for c. 

The above substitutions give 




(7) 



For the case of a rectangular-section connecting-rod, where 
the height is 2.7 times the depth of section, we find 



2.7' 
6=12; 
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whereupon for 



we find 
and 



while for 

we find 
and 



£=30,000,000, 
/= 30,000, 
w=i, 



c= 10,000, 




i+- 



P 



420/ 



£=30,000,000, 
/= 36,000, 
m=i, 



^i.35A V 



^=8330, 



(i= 



'^•ZSP\ 



1 + 



N 



i+- 



3501 



^1-35^^ 



(8) 



(9) 



IV. 

FORMDIA FOR ECCENTRIC LOADING. 

When a column carries a load eccentrically, we find the max- 
imum stress to be the sum of the stresses due to buckling and 
direct compression, as" found in Ritter's formula, and the stress 
due to eccentric loading. We have for the first stress 
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and for the second 

where a = eccentricity of load. The sum of these gives 

from "which the breaking load is found to be 

^'-jzr^ ^"^ 

In the above formula (lo), the value of a is equal to the sum 
of the distance of the load from the column plus the deflection 
due to the load. This value of (a) for the several end condi- 
tions is as follows: 

1.2PPX 
For Fig. 3Si = g(,'^j_pp y approximately; 

„ _ 0.6PPX 

^^g-3S2 =g.6EI-PP' 

„ _.. O.SPPX 

^^g-3S3 =g.6EI-PP' 

., . 2.4PPX 

*^^- 354 g.6EI-PP'' 

where »=distance~of load from the column. The first of the 
above values for the deflection is found in Merriman's " Mechan- 
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STRESSES IN TfflN CYLINDERS AND IN RIVETED JOINTS. 



I. 

Stresses in Thin Cylinders for Internal and External 

Pressure. 

Consider a thin cylinder of diameter =Z), length =i, thick- 
ness of material =/, under an internal pressure of P lbs. per 
square inch. 

The tensile stress per unit area along any longitudinal section 
will be equal to the resultant internal pressure acting normal to 
the section, divided by the area of the section. 

/*' D 

The stress =/ pL—d4> sin <j>==pDL; 

The area = 2//; 
whence 

Stress per tmit area= 

^ PD PD , ^ 

The stress per unit area along 
any circumferential seam is found 
in the same manner. 

The stress = p ; 

The area. ^nDt; 
whence 




r/s. 3B 



., PD PD 

Stress per unit area=/t = — -=0.25^-;-. 

4^ ' * 



(2) 
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It will be seen then that the intensity of stress along a longi- 
tudinal seam is twice the intensity of stress along a circumferential 
seam. Sometimes pipes are made spiral-riveted. Why this is 
done may be seen from the following discussion. 

Let the spiral be at 45°, then the tensile stress per unit area 
along this seam is 

,„ --/(-ii-) 'Hit) ' 
'■ vTT • 

where \/2 ^=area of unit section along seam at 45° when longi- 
tudinal and transverse sections are taken as /. This reduces to 

iff P^ / ^ 

//' =0.395— (3) 

For a perfectly round cylinder under external pressure the 
intensity of stress is the same in amount but opposite in sign. 
But because of the fact that cylinders are more or less imperfect, 
they are liable to collapse under external pressure. The design 
of such cylinders and tubes must be made, then, from empirical 
formulae derived from tests. . 

Fairbaim performed a number of tests on tubes imder exter- 
nal pressure, and from the data obtained the following formula: 

/2.19 

j^=9>672,ooo-^; (4) 

in which f =imiform external pressure at which collapse occurred; 
/= thickness of material; 
/= length; 
d= diameter. 

Unwin recommends for tubes not less than f" thick 

/^' = 9,672,000^ (5) 
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In order to strengthen flues or cylinders, coUapse-rings are 
used, and in some cases the flues are corrugated. 

Lloyds and U. S. Board of Supervising Inspectors of Steam 
Vessels use 

1,075,200/2 
^= Jd ' (^) 

whence 

<-^^ (7) 

1037 

when j^= working pressure. 

For collapse-rings of specified dimensions / is taken as the 
distance between such rings. For corrugated furnace-flues, 
where the corrugations are not less than ij" deep and 8" be- 
tween centers and the plain portions at the end not over 9", the 
U. S. B. S. I. use 

P J—- (8) 



n. 

Stresses in Riveted Joints. 

notation. 

/= thickness of plate; 

d= diameter of rivet; 

/>= pitch of rivets; 

w= number of rivets in single shear; 
w= '' '' '' '' double shear; 

/<= fiber stress in tension; 

/a= '* *' '* single shear; 

//= '^ '' '' double shear; 

jh^ ^^ ' ' * * crushing (single shear) ; 

/fc'= '^ '* '' '' (double shear); 
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£,= efficiency in shear; 
£c= efficiency in crushing; * 
Et = efficiency in tension ; 
£,n= efficiency of joint (maximum); 

P— pressure in pounds per square inch; 

Z>= diameter of vessel. 

The following values of stress may be used: 

Single-shear Rivets. /#. fb. 

Iron plates and rivets 40,000 65,000 

Steel '* '* ** 50,000 90,000 

Double-shear Rivets. /«'. /fc'. 

Iron plates and rivets 3SjSoo 80,000 

Steel '* ** ** 45,000 110,000 

ft may be taken at 40,000 for iron and 55,000 for steel. 
The factors entering into the design of riveted joints are 
briefly: 







/-\ I 




1 

OjO 

1 




1 


u 



OiO 


1 

1 





(a) Strength; that is, the rivets 

must safely transmit the 
stress between the pieces 
they unite. 

(b) Economy; since the rivets 

may fail in several ways, all 
liabilities for failure should 
be equal. 



r/s.j? 

The ways in which riveted joints may fail are: 

I St. Shearing of rivets. 

2d. Crushing of rivet and plate. 

3d. Tearing of plate between rivet-holes. 
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The strength of the jomt in these different respects may be 
expressed as 

^ nncP, 2W7r(P 

=-r(nfs+2m}/); (i) 

4 

C^ndlfc+mdl}/ 
=diinfc+m}/) (2) 

T={p-d)tju (3) 

and the resistance of the solid unit strip may be expressed 

P=ptU^ 

The most economic values of d, /, and p will be those which 
will give equal values of 5, C, and T. 
These may be found as follows: 
Let 5=C, and we have 



whence 



— («/. +2W//) =dt{nfc+mU), 
4 



— (n/.+2w//) 



Let T=Sj and we have 



whence 



{p-d)tU — r(W«+2w//), 
4 



pttt = —(nf, + 2mf/)+dttt-P fS) 

4 
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The efficiency of a joint is the ratio of the strength of the 
original strip to the riveted strip. 

For maximum eflSciency we must have T=S=Cy which gives 

E^=S/P = T/P=C/P. 

Substituting for S/P, we have 

7r(P 



Em = 



^ (w/a+2W//) 

4 



4 
and substituting for dt from eq. (4) and eliminating, we have 



£».= f (6) 

From equation (4) we find the diameter of rivet for maximum 
efficiency 

'^-n{nU^2mUr ^^^ 

and from equation (5) we have the pitch for maximum efficiency 

f-'ii'^h^- w 

It can be seen from the above equations that the diameter 
of rivet and also the pitch for maximum efficiency can be found 
when the form of joint, giving the number of rivets in single and 
double shear per unit strip, and the thickness of the plate are 
known. 

The form of the joint can easily be determined for any case 
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by comparison- with those which usually exist in practice. The 
thickness of the plate for a boiler may be expressed as 

PD 



2E„U' 

Substituting for Em, we have 

PD{n}c+ m}/+i,) 
2{nU+mjc')U ■ 



(9) 



This gives the thickness of plate for maximum efficiency for 
any form of joint when the pressure P and diameter D are known 
and the proper values for allowable stresses are assumed. Hav- 
ing found the thickness of plate required, the diameter of rivet 
may be found from eq. (7), and with d and / thus found, P may 
be found from eq. (8). 

To illustrate, let it be proposed to design the longitudinal 
seam of a boiler whose diameter is 60 inches, to carry a pressure 
of 200 lbs. per square inch gauge. The first step will be to de- 
cide on the form of the joint. From usual practice under these 
conditions, a joint illustrated in Fig. 39 is assumed, having i rivet 
in single shear and 4 rivets in double shear per unit strip. Letting 
this joint be designed with a factor of safety of 5 and assuming 
stresses as found on page 46, we have 

200X60(60,000 + 288,000+50,000)* 
2 (60,000 + 288,000)50,000 ^ 



and 



for 



=0.68 =ir 



4(60,000 +288, 000)^^ 

^(36,000+256,000) 



7r(36,ooo +256,000) 
^ 4(0.68X50,000) 
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To analyze the efficiency of existing riveted joints, the follow- 
ing will be required : 

{p-d)tu p-d^ 

^' — W* p~ ^"°^ 

izd HnU+2mU') . , . 

^•°T ptU ^"^ 

dt(nfc+mfc') • d / nfc+mU \ . . 

^ M 'P\~ir')- ■ • • ^") 

The lowest one of the above will of course be the actual 
efiiciency of the joint. 



CHAPTER X. 
STRESSES IN BOLTS AND KEYS. 

I. 

Stresses in Bolts. 

Stresses in bolts may be caused by any combination of the 
following things: 

(a) Screwing up. 
(6) External dead load. 
(c) Shock. 
To resist shock the bolt is reduced in body to equal the area 
at the base of the threads. Concerning the first two causes of 
stress, Professor Barr writes: "When the conditions are such 
that the nut is not apt to be screwed up hard, that is, when the 
initial load may be safely neglected, design for the external load 
alone. 

The following suggestions may safely serve as a guide in 
practical problems involving the resultant load on bolts, when 
the initial load due to screwing up is apt to be considerable : 

(a) If the bolt is manifestly very much more yielding than 
the connecting members, design the bolt simply for the initial 
load or for the external load, whichever is greater. 

(b) If the probable yield of the bolt is from one-half to once 
that of the connecting members, consider the resultant load as 
the initial load plus from one-fourth to one-half the external 
load. 

51 
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(c) If the yield of the connecting members is probably four 
or five times that of the bolts, take the resultant load as the ini- 
tial load plus about three-fourihs the external load. 

{d) In case of extreme relative jdelding of the connecting 
members, the resultant load may be assumed at nearly the sum 
of the initial and external loads." 

Mr. Harvey D. Williams made an investigation on the strength 
of U. S. standard bolts, and reported the same in the Journal of 
the Amer. Soc. of Naval Engineers, Vol. XIII, No. 2. In his 
investigation he considers the stress due to load and also from 
the torque due to screwing up. Bolts of various materials are 
considered, among which is wrought iron with ultimate strength 
at 50,000 lbs. For this we have for a factor of safety of 7 and 
considering the efficiency of the screw the following values: 



Diameter. 


Working 
Load. 


Diameter. 


Working 
Load. 


i 


143 




3>990 


A 


247 




S,i8o 


i 


376 




6,110 


A 


519 




7,540 


i 


704 




8,820 


A 


912 




10,150 


f 


1 140 




12,000 


} 


1725 


2 


13,400 


i 


2410 


2} 


17,800 


I 


3170 


2} 


21,900 



The hollow bolt is more efficient than the solid bolt of the 
same area, so that the above values will be on the safe side for 
hollow bolts. 
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II. 

Stresses in Keys. 

Machine keys axe usually proportional empirically. The fol- 
lowing rules are found to give good results: 
Jones and Laughlin use 

W=DU; 

National Tube Works use 

W=D/4+h 
T^D/ii+o.i6, 

The U. S. Navy uses these proportions: 




D 


w 


r 


D 


W^ 


r 


ZJ 


W 


r 


Inches. 


Inches. 


Inches. 


Inches. 


Inches. 


Inches. 


Inches. 


Inches. 


Inches. 




h 


A 


3i 


i 


A 


6i 


If 


i 




i 


A 


3i 


« 


A 


7 


lA 


« 




A 


A 


3i 


li 


\ 


7l 


li 


if 




h 


h 


4 


J 


J 


7i 


lA 


iS 




A 


h 


4i 


tt 


A 


7i 


lA 


J 




U 


\ 


4i 


I 


A 


8 


If 


i 




1 


i 


4J 


I 


A 


8i 


If 


« 




i 


\ 


S 


lA 


t 


8i 


li 


if 




H 


i 


5i 


li 


t 


. 8i 


If 


« 




A 


A 


5i 


lA 


i 


9 


1} 


I 


2 


i 


A 


Si 


lA 


« 


9i 


i| 


I 


2\ 


A 


A 


6 


li 


« 


9i 


I* 


lA 


^h 


t 


i 


<5i 


lA 


} 


9i 


2 


lA 


2i 


f 


i 


6i 


i| 


i 


lO 


2 


lA 


3 


U 


A 















The stresses to which a key is subjectel are shearing anl 
crushing. Thus, if /= length, «;= width, and Z'= thickness, the 
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shearing strength will he IXwXfs, and the crushing strength will 

be lxT/2Xfe- The force producing the above stresses will be 

Pd 
approximately -^, where P= force at rim of pulley or gear, d= 

diameter of shaft, i?= radius of pulley or gear. As stated before, 
however, keys are never analyzed for stress, but are proportioned 
empirically. 

When the shaft is 8" or more, it is advised to use two keys 
at 90° or 120° apart. 



CHAPTER XI. 

BEARINGS. 

The several types of journal bearings may be convenientiy 
grouped as follows: 

1. The plain cylindrical, as used in main bearings for steam- 
engines, railway axles, etc. 

2. Thrust-bearings may be divided into two classes: pivot- or 
step-bearings and collar-bearings. 

3. Roller-bearings. 

4. Ball-bearings. 

5. Sliding-bearings. 

I. 

Plain Cylindrical Bearings. 

proportions. 

The torsion and bending moments existing in the shaft and 
the rubbing of the journal over the bearing will indicate that the 
journal must be proportioned for strength, stiffness, and wear. 

The strength, that is the allowable fiber stress, a journal shall 
have and the allowable deflection will be factors determining the 
diameter. 

The wear of the journal, which is dependent on the bearing 
pressure, speed, and lubrication, will determine the length. 

From experience previously gained from Chapters II and IV 
we are able to design the journal for strength and deflection. 
The length of the journal multiplied by the diameter will be 
known as the area of the journal. 
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For given ranges of speed the bearing pressure per square inch 
should be within given limits. 

The only safe guide to these limits are the results of success- 
ful practice. 

For the several cases arising in practice the following values 
are sometimes used: 

(a) Continuous running-bearings, as railway-car axles, a value 
of 300 to 350 lbs. may be used. 

(b) Crank-pins, where the pressure is reversed from one side 
to the other and the oil is less liable to be squeezed out, take for 
moderate-speed engines 500 lbs. ; for slow-speed engines a higher 
value should be used, for high-speed engines a lower value. 

The best data on engine-bearings is found in Professor Barr's 
paper on " Current Practice in Engine Proportions " before the 
A. S. M. E., May 1897. 

He gives 

Main journals: 



d 



-c^^ 



(I) 



l=Kd\ 



dl=MxA (area of piston) ; 



where the constants have the values: 



High Speed. 

(i) Center crank for each of 
two journals. 



Low Speed. 

(2) Side-crank for one journal 
only. 





Mean. 


Max. 


Min. 


c... 


•-7.3 


8.5 


6.5 


K... 


.. 2.2 


3-0 


2.0 


[m... 


..0.46 


0.70 


0-37 




Mean. 


Max. 


Min. 


rc... 


..6.8 


8.0 


6.0 


K.. 


..1.9 


2.1 


1-7 


yM... 


..0.56 


0.64 


0.46 
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rank-pin: 






-c^. 



■+B; 



(2) 

(3) 



Z=length of stroke. 



C. 
K. 
B. 

C. 

K. 

I B. 



Cross-head pin: 



whence 



Mean. 
0.30 
. 0.24 
2.5" 

0.6 

. 0.09 

2.0" 



Maximum. 
0.46 
0.44 
2.5" 

0.8 

0.115 

2.0'' 



Minimum. 
0.13 
0.17 
2-5" 

0.4 
0.065 

2.0'' 



^-h « 

'=f ^ '5' 

i-^; - ■ (« 

l-VCAK. . (7) 



Mean. 

C 0.08 

K 1. 25 

C 0.07 

K 1.3 



Maximum. 
O.II 
2.0 

O.IO 

1-5 



Minimum. 
0.06 
I.O 

0.054 
X.O 
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For marine engines the following values are sometimes used : 

Crosshead-pins. - . looo to 1500 lbs. per square inch 

Crank-pins 400 * * 500 or 600 lbs. per square inch 

Main bearings 150 *' 350 *' 400 ** '' '* '' 

Guide-surfaces. ... 50 ' * 100 lbs. per square inch 
Thrust-blocks. ... 40 * ' 80 or 100 lbs. per square inch 

For stationary engines these values may for some cases be a 
little different. For guide-surfaces the pressure per square inch 
may be from 25 to 40 lbs. Crosshead-pins about the same. 
Crank-pins the same for center-crank engines, while for side- 
crank engines values between 900 to 1300 lbs. are sometimes 
used. Main bearings about the same for vertical engines, while 
for horizontal engines lower values are usually used. 

For slow-moving machinery a large bearing pressure may be 
used. For instance, in punching-machines values as high as 
2000 to 2500 lbs. per square inch are found. 

The work absorbed in friction in plain cylindrical bearings 
may be found as follows: 

Let P = total load on bearing in pounds; 
rf= diameter in inches; 
/= length in inches; 
N = revolutions per minute ; 
jLe = coefficient of friction. 
Then 

Work done per minute = foot-pounds, 



which reduces to 



^H.P (8) 

126,000 ^ 



LUBRICATION. 

The results of a number of experiments on lubricated sur- 
faces indicate that the frictional resistance varies in the following 
manner : 
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Speed 



Temperature 



Material of 
Journal 



Rest and 
Reversal 

Low 

Pressure [ 



Resistance much greater than for 
continuous motion. ^ 



] Directly. 



(a) Very great at low velocities. 

(b) Becomes a minimum at loo ft. 

High per minute. 

Pressure (c) Above loo ft. per minute in- 
creases approximately as 
speed. 

Depends more upon temperature than any 
other condition, decreasmg as temperature 
increases to practical limits. 

For bath lubrication there is little difference, 
but for meagre lubrication the material 
is quite important. 



The viscosity of the lubricant determines the maximum pres- 
sure at which the lubricant is squeezed out and seizing of 
the journal occurs. 



The student is advised to consult the catalogues of engines 
and machine-tools and note the appliances for lubricating. It 
should be noted that the best place to introduce oil into a bear- 
ing is at points of least pressure in order that the oil may be 
easily carried to all parts of the bearing. If oil is introduced at 
the point of maximum pressure, it will not be able to get in and 
lubricate the bearing. 



ADJUSTMENT. 

No matter how good the lubricant may be, there can be no 
motion of parts over one another without wear. There must be 
some means, therefore, for taking up this wear before it becomes 
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a serious defect in the bearing. Play between journal and bear- 
ding reduces the accuracy of the machine, and may cause excessive 
strains from shocks in bearings where the pressure is reversed. 
It may also be well to note the fact that sometimes the propor- 
tions of journals are larger- than strength would require in order 
to provide a larger wearing surface and thus insure accuracy. 

In simple types of bearings a liner is sometimes placed be- 
tween the cap and body of the bearing, and this is removed and 
replaced by a thinner one as wear occurs. 

Other forms of bearings permit of adjustment by means of 
wedges operated by screws and secured by lock-nuts. 

Greatest adjustment must of course be made in the direction 
of the greatest wear, so that when wear is decidedly in one or two 
directions the bearing must be designed for adjustment in these 
directions. 

II. 
Thrust-bearings. 

Thrust-bearings are usually horizontal or vertical. In the 
first case the pressure is taken up by a series of collars turned 
on the shaft. In the second case the pressure is taken up by 
the end of the shaft. 

For thrust bearings Professor A. W. Smith recommends the 
following table as an approximate guide in the designing of 
thrust-bearings. The material used is wrought iron or steel and 
the bearing is of bronze or brass, babbitt metal being seldom 
used for this purpose. A bath lubricant is used. For cast-iron 
journals the values of the allowable pressures given should be 
divided by 2. 

Mean Velocity of Rubbing Allowable Unit Pressure 

Surface in Feet per Minute. in Pounds per Square Inch. 

Up to 50 1000 

50-100 600 

100-150 350 

1 50-200 100 

Above 200 50 
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For different forms of thrust-bearings the student may con- 
sult "Machine Design," Part II, by Professor F. R. Jones. 



III. 
Roller-bearings. 

In order to reduce friction, bearings are made in which a 
number of rollers are placed between the journal and bearing. 
Very good results are obtained with this form of bearing for not 
too heavy service, and comparative tests show that the friction 
is very much less than with the plain form. 

One difficulty experienced is the end thrust which results 
from the rollers inclining toward a helical path because they are 
not absolutely true. From tests it is found that the friction 
decreases with increase of both speed and load up to certain 
limits. One form of roller bearing is the Hyatt bearing. The 
rollers are made of ribbons of steel. The adjacent rollers are 
so placed that the spirals run in opposite directions, thus dis- 
tributing the lubricant over the bearing surface. Very little 
lubricant is needed for roller-bearings, and it should be of liquid 
form. 

Concerning the allowable pressure to be used on solid roller 
bearings we find the following in Jones' "Machine Design": 
"The safe load in pounds for a well-made solid roller journal- 
bearing with six or more rollers is 

P = ioo,oooZ)2 — -- (for values of S not less than 50 ft. per min.), (9) 

in which J9= diameter of roller, inches; 
L= length of one roller, inches; 
iV= number of rollers; 
P = total safe load on bearing, pounds; 
5 = linear velocity of convex bearing surface relatively 
to concave bearing surface, feet per minute. 
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For values of S less than 50 ft. per minute the pressure may 
be taken the same as for 5 = 50. For exceedingly slow speeds 
the pressure may be taken somewhat higher, however. This 
equation is based upon the assumption that the safe load per 
inch of total effective length of rollers is 20ooZ)2 lbs., considering 
one-third of the rollers under pressure." 



IV. 
Ball-bearings. 

In a great many cases where light pressures are to be used 
it is found that ball-bearings can be used with advantage. The 
load that can be used on a ball-bearing is a factor of the number 
and size of the balls and the speed. The crushing strength of 
t-ie ball cannot be considered in determining the safe load to be 
employed. Experiments by Professor Benjamin have shown, 
for instance, that a J-inch ball has a crushing strength of 15,000 
lbs., whereas it can only safely sustain in service about 100 lbs. 
and give good results. In designing ball-bearings the data ob- 
tained from successful practice is the best guide to use. 

In regard to friction of ball-bearings Professor Goodman 
hag found from experiments that it varies: 

1. Directly as the load. 

2. Is independent of the speed. 

3. Is independent of the temperature. 

4. The friction of rest is but very slightly greater than the 
friction of motion. 

5. Is not reduced by lubrication in a clean well-designed 
bearing. 

Ball-bearings are made so as to have 2-, 3-, or 4-point con- 
tact. 

For 2-point contact the race is usually a circular groove of a 
little larger radius than the radius of the ball. 
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For 3-point contact the race is constructed as shown in Fig. 41. 

The sides of the groove (ab) and 
(ac) are tangent to the ball at the 
points where the ball is intersected 
by the line AB. This places the 
points of contact on the surface of a 
cone whose apex is at -4, thus giving ^/r ^i 

the ball a pure rolling motion about 
the axis Ay provided the alignment is perfect. Four-point contact 
is constructed after the same manner. 

It will be found, I think, that 2-point contact as a rule will 
give better service, since any very small error in alignment will 
not much affect the bearing. For the 3- and 4-point contacts it 
can be seen that there must be perfect alignment to insure pure 
rolling motion. 

V. 

Sliding-bearings. 

Sliding-bearings are used on planers, shapers, etc., where a 
rectilinear or other than rotary motion is desired. The methods 
of adjustment for wear and methods of lubrication are several, 
and will be considered in the lectures. The student is advised 
to examine the sliding-bearings on the planers and shapers in 
the machine-shop, and also to consult the machine tool cata- 
logues. 



CHAPTER XII. 
STRESSES IN BELTS. 

The stresses occurring in a belt transmitting power may be 
analyzed as follows: 

Let iFig. 42 represent a belt passing around a pulley, and Fig. 
43 any portion of such a belt. 



ccts 




FiG^a 




ns ^3. 



It will appear that, in order that the piece shown in Fig. 43 
be in equilibrium, the following relations must hold: 

. dd . dd 

qds+cds=t sm — + (t+df) sm— , 



dd dd 
which, neglecting small products and letting sin — =— , reduces to 



2 2 



qds = td0—cds, 
where /=unit tension at any point in the belt; 
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^ = centrifugal force per unit length 

« Xa 

gr 

12WV^ t 

gr tj 

where /^= working tension per unit area; 
a = unit area; 

v= velocity of belt in feet per second; 
r= radius of pulley in feet; 
w= weight per unit volume. 

Substituting this value of c and also ds=rdOy we have 







qds- 


=tdd- 


-12 , 
gtu, 

i-x), 


tdd 


where x = 


12WV^ 










gtu. ' 




It also 


appears 


that 














dt= 


= ftqds, 


• 








qds- 


dt 





where jLe = coefficient of friction. 

Substituting this in the above equation, we find 

dt 
j=fi{i-x)de, 

r^'^dt n 

\og.^^ii{i-x)d, 

common log 7^=0.4343(1 -iv)&, (i) 



or 
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where ^=arc of contact in radians = 0.0175a; 
a=arc of contact in degrees. 

For slow speeds — under 2000 feet per minute — x is small 
enough to be neglected and we have 

log, ^ = fJl0y 

or 

tn 

common log —=0.4343 /£5=o.oo76/£a, ... (2) 
h 

where /n=unit tension on tight side; 
/o=unit tension on slack side. 

The turning force per square inch of belt is 

The total turning force required to transmit any given horse- 
power in terms of the velocity of the belt in feet per minute is 

33,000 XH.P. 

^= V ^3) 



The area of the belt is 



^-j (4) 



The total tensions are 

Tn-Atr,, (5) 

To^Tn-P (6) 

The working strength of leather belting may be taken at 70 
lbs. per inch of width for single belts. 

The weight of leather belting is about 0.035 lb. per cubic 
inch. 
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For these values of strength and weight the curve in Fig. 44 
is drawn. 

The coefficient of friction of leather belting on ordinary wooden 
or iron pulleys is about 0.3 to 0.4. 



p^ 



70 

6S 

60 

SS 

.SO 

.^ 

40 

3S 




'PS 

5 



JO 
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30 ^ ^ ^ 70 So 90 >S5 7?o "^o ^^ 

The performance of belts in practice has been carefully studied 
by Mr. F. W. Taylor and reported to the A S. M. E... which 
report forms part of Vol. XV of the transactions of that society. 
Among other things Mr. Taylor recommends: 
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1. The belt speed for maximum economy should be from 
4000 to 4500 ft. per minute. 

2. Belts are more durable and work more satisfactorily made 
narrow and thick than wide and thin. 

3. It is safe and advisable to use a double belt on a pulley 
12 inches in diameter or larger; a triple belt on a pulley 20 inches 
in diameter or larger; a quadruple belt on a pulley 30 inches in 
diameter or larger. 

4. The ends of the belt should be fastened together by splic- 
ing and cementing, instead of lacing or using hooks or clamps of 
any kind. 

5. Belts should be cleaned and greased every five or six 
months. 

For rope driving the same formulas may be applied and the 
coeflScient of friction taken from 0.3 to 0.5 for grooves from 45° 
to 30°, and the working strength of the ropes is assumed at 200cP, 
where d= diameter of rope. 

For ordinary practice the size of rope for power transmission 
is from 1" to if". Larger ropes are used for large powers. 

When ropes are used instead of belts there are two systems 
usually used. One, in which the rope throughout the entire 
drive is continuous — one rope — ^passing around the several pul- 
leys in the drive, with the last stretch passing over a tension-pulley 
having a weight attached and arranged to keep the tension in 
the rope as nearly constant as practicable. This is known as the 
American system. 

The other system, known as the English system, is made up 
of individual ropes, each running in its own groove in the pulleys- 



CHAPTER XIII. 

THEORY OF ELASTICITY. STRESSES IN TfflCK CYLINDERS 
• UNDER INTERNAL PRESSURE. 



Theory of Elasticity. 

The following simple explanation is given to aid the student 
in the solution of the problems which follow. 

It will be noted that when a test-piece is subject to tension 
it not only elongates but also contracts laterally, and when sub- 
ject to compression the reverse is true, that is, it grows shorter 
longitudinally and bulges out laterally. 

From a number of experiments it has been found that the 
amount of lateral contraction or expansion bears a definite ratio 
to the elongation or shortening, as the case may be, for the same 
materials. The ratio of this lateral deformation per unit change 
of length, which may be denoted as e, has been found for wrought 
iron and steel to have a value of about J or J, and for cast iron 
as much as \ or less. 

One of the earliest investigators of this phenomenon was 
Poisson, and this ratio is sometimes known as Poisson^s Ratio. 

To illustrate the above, consider a bar of steel under tension 
due to a force T. If the original length is /, and the total elon- 
gation is A, then -T=5=the elongation per unit length, whence 

the lateral contraction resulting is c5. For practical purposes 
Hooke's Law is accepted, namely, that within the elastic limit 
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stress and strain are proportional, so that for each unit of elon- 
gation there is required a definite tension. 

Inasmuch, then, as we find a definite unit elongation per 
unit stress, it is reasonable to assume that the lateral deformation 
is indicative 0} lateral strain, and that its ratio to the longitudinal 
strain is some constant e. When the force elongating the bar 
= 1000 lbs., each side of the bar may be considered in a state of 
strain such as would be produced by a stress of J X 1000 = 250 lbs. 
when e is taken as J. 

In accord with the above, if we have a bar as shown in the 
figure and subjected to stresses as indicated, it will be found that 

the strains in the bar along the 
three axes are equivalent to 

T2=^P2^BPi-ePz; 
Ts^Ps-ePi-ePz, 

If any of the stresses in the 
above were compressive, the 
proper signs of course would have to be used. 
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11. 

Stresses in Thick Cylinders under Internal Pressure.* 

Let Fig. 46 represent the cross-section of a thick cylinder 
under an internal pressure pi] the internal radius is ri, and 
the external radius is r2- For analysis consider an elementary 
portion of the cylinder at a distance r from the center and let 
it have unit length. As shown in Fig. 46, the dimensions of 
the portion will be rdd, {r-{-dr)dO, and dr thick, and unit length 
as stated before. The forces holding this portion in equi- 
librium are as shown in the figure. Considering the forces qdr, 
we find they may be resolved as shown in Fig. 47. Thus we 



* Mr. T. J. Rodhouse of the University of Missouri kindly assisted in the 
following solution for thick cylinders. 
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have the components (a) and (a) equal and opposite, hence 
balancing one another, and the forces (b) and (b) acting radial. 




which forces are equal to qdrdd. We have then the following 
equation for equilibrium: 

(P +dp)X {r+dr)d0-prdd = qdrdd, 

whence is obtained 

pdr-\-rdp=qdr 

when the product dpdr is dropped, since it is too small to be 
considered. 



^C^^^^ 



r/6. -fr 

The above equation may be written 
d(pr)=qdr, 



72 ELEMENTS OF MACHINE DESIGN. 

whence 

-W^' <') 

which gives a relation between p and q. 

Another relation between p and q is needed to effect a solu- 
tion, and this relation may be found as follows: 

Considering an elementary portion as shown in Fig. 48 and 
resolving the forces as shown, we have that the longitudinal 
strain is equal —eq-\-ep or —e{q+p), and since 
this is taken at any cross-section, the longitudinal 




f^jf^A / Strain is a constant; hence 



q-\-p={^ constant), say 2C1, . . (2) 

' ^ where the 2 is used for convenience in integration, 
as shown later. We now have two relations between q and ^ as 
desired. 

Substituting equation (2) in equation (i), we have 



whence 






dp dr _ 



or 

dp 



dr +2/^ = 2Ci. 



Multiplying both sides of the equation by r, we have 



di> 
r2^+2^=2Cir, 



or 



w. ence 



rHp + 2prdr = 2Cirdr\ 
d(pr^) = 2Cirdr; 
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whence, upon integrating, we have 
or 

Substituting this in equation (2), we have 

= Cx-^ (2a) 

It now remains to find values for Ci and C2, which may be 
done as follows: 

Let the internal pressure be pi and the external pressure be o* 
Whereupon at inside of cylinder 

iZtl} and .-. ^=Cx+^; (3) 

at outside of cylinder 

f:;Jand .•.o=C,+g (4) 

Substituting C2 from (4) in (3), we have 

pfCi — ^, 
whence 

Substituting C\ from (4) in (3), we have 

Co C2 
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whence 

from which 

Substituting these values of C\ and C2 in equation (2a) for j, 
we have 

The value of g on the inner surface where r=r\'\s, 

i^—h\^jz:^y (5) 

and the value of q on the outer surface where r =r2 is 

?2=-^x(,-^) (6) 

The stress on the inner surface is evidently the greater. Equa- 
tion (5) is evidently the one to be used in designing thick cylinders. 
It may be transformed to read 
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from which the radius of cylinder can be found for any size bore 
and given pressure and fiber stress. 
The above theory is known as 
Lamp's theory and, of the several 
theories, is found to give results 
which are nearer actual conditions 
than any other. 

Professor Goodman, in order 
to test this theory with the actual 
case, performed experiments on a 
thick cylinder, and by means of 
a delicate extensometer, placed at 
different depths in radial drilled 
holes, was able to read the stresses 
at these depths. The accompany- 
ing figure (49), arranged from his "Mechanics Applied to 
Engineering," gives the result of these tests. 

A. For 0.33 tons per square inch internal pressure. 

B. '' 2.60 '' '' 

4- 74 
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CHAPTER XIV. 

STRESSES IN HOOKS. 

The theory of hooks as usually given in text-books has not 
proven satisfactory. Very important factors materially affecting 




Fig. 50. 

the stresses have been left out. The most complete theory and 

one justified by experiment has recently been developed by Mr. 
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E. S. Andrews and Prof. Karl Pearson of the University College, 
London. This theory and extracts from the experiments con- 
ducted to prove it are given in the following pages. This is 
essentially as foimd in the original paper with the exception of 
Figs. 52 and 53, which are added for clearness, and the applica- 
tion to the design of hooks of the form shown in Fig. 50 and in 
general. 

In Fig. 51, ABC represents the horizontal section to which 




Fig. 51. 



the investigation is confined, since it is the most dangerous 
section. 

It is assumed that the center of curvature for the extrados at 
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C and the intrados at A is sensibly at o, which is a very close 
approximation for hooks as they exist. Also that the curvature 
changes very slightly in the neighborhood of ABC. It is further 
assumed that there is no shear on the section ABC, whence in 
the immediate neighborhood there would be no distortion of the 
section, whereupon the section after strain may be considered to 
remain plane. Symbols and letters with the subscript o attached 
to them will refer to quantities and points on the unstrained hook. 
With no subscript they will refer to the strained hook. As shown 
in Fig. 54, which is a cross-section of the hook at the horizontal 
section ABC, YY is the gravity axis and y represents the dis- 
tance of any elementary area (a) from the axis. 

O is the center of curvature such that OB=p. -4= area of 
the entire section. 

In Fig. 52 dashed letters will refer to corresponding points 
on a section made by passing a plane through a line through O 
parallel to YY, and this plane being in the immediate neighbor- 
hood of the section ABC. Let Sy represent the unit stretch of 
fibers situated at a distance y from YY, whereupon the tension 
in such a fiber will be 



Ty — ESjl 



(I) 




Fig. 52. 
Referring to Fig. 52 we see that 



PP'-PoPo' 



PoPo' ' 
PP'=PoPo'(i+5„). 
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Also, 

PP' p+y 
BB' p ' 
and 

PqPq _ Po+yo 
BqBo po 

Now if 56 is the stretch at B, we have 

BB'^BoBo'ii+Sb). 

By combining the above equations we find 



from which 






""^ '^^'' I s.+s -.••• 
^_^yo i+sr' ^'^^^ 

Po 


or 






l_yo 




n C j_P Po 


whence 






^ " '\ pof p po 



(2) 



DiflFerentiating the above, we have 

*5.(.+2-»)+(S.-5.)^-^-^». ... (3) 

\ PQ^ Po P po 

The terms dy and dyo represent small transverse shortening 
of the fibers as shown in Fig. 53, and a relation between this 
transverse shortening and the corresponding transverse stress 
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may be obtained as follows: Let a fiber of thickness dyo before 
stress, at a distance yo from the gravity axis, have after stress a 



/ 



/ / 




Fig. 53. 

thickness dy and be at a distance y from the gravity axis. 
Whereupon we find the transverse shortening equal to 

dyo-dy 
Syo ' 

But from the theory of elasticity we know this corresponds to 
a fjtr esB equal to ijSy, where i^=Poisson's ratio. Whereupon we 
have 



or 



dy^dyoii-iiSy). 



If now we substitute this value of dy in the above differen- 
tial equation, we have 



8S^ 



P Po Po \po PI 



ho 



1+ 



yo 

Po 



. (5) 



STRESSES IN HOOKS. 8i 

If now we let Syl — l-")=5'y( j, which is practically 

true, we have upon integration 

which reduces to 

T .9,. /t-i-t)\ r 

[Ttr,. ... (6) 



p po po ^'v pq I (i+y?) 



Now when Sy=Shj yo=o. Whereupon we find the value 
forC: 

C=l_i-5^ , (7) 

p po po 

Substituting the value of C in the equation above and solving 
for Sy, we find 

Po /l I T)Sb\ 

^ i+i? i+A^ poJ (j+y^y^' 



'-^^-^!i+\C J iV>?Sr (,+yoy-^O' 



which gives as the tensile stress of any fiber at a distance y from 
the gravity axis 
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If Sa=A, W=load, /= distance from load line to gravity 
axis, we have 

W=S(Tya), 
Wl= -S(TyaXyo). 

If now we let 

^ +Jl\p po/ I+lj' 



Ar2=-s 



a— 
Po 






-— ^[(^.)"]-^'''-" ■ '"" 



we may write 



which gives 



W=EASb+E^A(i-ri), 
Wl=-EMpor2, 



EA EApo rz ' 



Sb = ^-7 + 



P=-l 



Wl 



EAporz 
Equating the two values of ^, we have ■ 

p Po EA \ Y2P^ Po ) ' 

W ( / 1-3 



^-eaV^^-^\ ^") 
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Which, when substituted in the equation for Tyj gives 



■^fH{(;^--f---- 




When yo = hi, then Ty=—Cy the maximum compressive 
stress, and when yo = /^2, then Ty = Ty fhe maximum tensile 
stress. Whereupon we have 



n-^_.|,...(.3> 

As far as design is concerned, T, being the greater of the two, 
will interest us more. 

This formula may be put in the form 

. (15) 



por2L\po-h2f ^^J 



T 

PoT2L\po — ^2 



For any given cross-section ^2 and iri may be found as well 
as the other constants, whereupon the ratio of load to fiber stress 
may be computed. The solution of this equation may be made 
as follows: Let Fig. 50 represent the outline and proportions for 
a form of hook we wish to use. From this figure the factors /, 
Po, Ay and A2 may be directly found when once we assign dimen- 
sions to the hook. For the solution of yi and ^2} in which tj is 
taken as J, Mr. Andrews and Professor Pearson have devised the 
following graphic solution. Fig. 54. 

Describe any parabola OV with O as a vertex and OABC as 
an axis. Then describe any other parabola with O as a vertex 
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and an axis perpendicular to OABC as shown, letting TW be 
some convenient known length. 




Let CF=a, VT^d, TW=b. 

Let any line of the hook section PnP\ parallel to FF,meet 
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the first parabola in v, and let vwt be parallel to OABC; then 
iitw=Z, 



but 



therefore 



or 



Z2 


0^ 




Z* 


ofi 


mP' 


ja" 


■7' 


or 


W 


-T^- 


V' 


mj» 


<7n 


o» 








"^■= 


'7c' 


'd' 








Z* 


on 










ft*° 


'1' 











(7)' 



Z=6 



Let this curve be plotted as shown at OJ. {Jn=wt, etc.) 
Let YY meet this curve in Jq and PnP in /. Let the verti- 
cal // through / meet yy in /. Let IP meet AC in i, and Jot 
meet P» in i?; then 

Rn XqB JqB oB^ 
Pn" IB '^ Jn '^ on^' 

thus 






po+yo/ 

which gives the hook rigidity curve CRURiA. 

Join RO and let it meet yB in m; draw ms perpendicular to 
PP; then 

Sfi ifiB po 



Rn Rn po+20' 

Rn=Pnl-^)\ 



Sn= ^' 



po+yo 

which gives the second hook rigidity curve CSUSiA. 
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We then find 

area C.^ USjA 
' ^ J area of section' 

area CSUSiA -area CRURiA 



r2=- 



i area of section 



For any jorm of section it will be evident that yi and ^2 are 
constants. Also upon inspection of the denominator of the 
right-hand member of equation (15) we find a constant for any 
form 0} section. Let us assume, then, a hook having proportions 
as given in Fig. 50. For any value of r, that is for any size of 
hook of this form, the factor mentioned above will be a con- 
stant an' equation (15) will reduce to 

W A 



T 10.58' 

But i4 is a function of r found as follows : 

The area of the trapezoidal section is computed to be s.4S6r^ 
and the area of the circular segment is found to be o.6;igr^. 
Whereupon A =4.095r2, approximately 4.ir^. ' This may be 
checked by finding the area with a planimeter and dividing by 
the radius squared. Fig. 54 was drawn for r = 2 and the area 

measured 16.38 square inches, whence — '- — = 4.095 as a check. 



We may now write 



W _ 4.ir2 

r "10.58' 
2.56pr 



%"=- 



-si 



-S^E (.6) 
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In this manner, then, equations similar to (16) may be derived 
for different forms of sections. According to the old theory as 
given in Unwin, etc., the tensile stress at the intrados is given as 

w wn 

where /= moment of inertia of the section. 

It gives the stresses as the sum of the stress due to the direct 
pull and the stress due to cross-bending and does not take into 
account the radius of curvature which influences the stretch of 
the fiber, and hence the stress. That the new theory is far better 
than the old theory is seen from a number of experiments made 
by Mr. Andrews and Professor Pearson. 

Of these, one was for a railroad-car coupling-hook and by 
actual test the material had its elastic limit at 21,000 lbs. per 
square inch, while the old theory gave a stress of 12,000 lbs. per 
square inch, and the new theory a stress of 23,000 lbs. per square 
inch, for W = lo3ii at elastic limit. The old theory errs a great 
deal in this case, while the new theory is on the safe side by a 
small margin. Other experiments made do not show such a 
marked difference except in one case where a T section was used, 
the old theory gave a stress of 18,700 lbs. per square inch at the 
elastic limit, the new theory a stress of 29,300 lbs. per square 
inch at the elastic limit, while the actual stress at the elastic 
limit was found by experiment to be 30,000 lbs. per square inch. 
It must be remembered that the theory applies only up to the 
elastic limit, since it is based on Young's Modulus E. 



CHAPTER XV. 
STRESSES IN REVOLVING RINGS AND DISKS * 
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Stresses in Revolving Rings. 

With the advent of the steam-turbine in modem engineering 
practice, this problem is quite an important one to be considered. 
The high speeds at which turbines must necessarily be run re- 
quire an accurate analysis of the stresses occurring in order 
that these may be kept within safe limits. 

The student is advised to consult the various steam-turbine 
catalogues and note the forms of turbine 
wheels. 

As an introduction to the study of 
stresses in turbine wheels, let us analyze 
the stresses in a revolving ring. Con- 
sider an elementary portion of a ring 
subtended by the small angle 0. The 
ring is revolving such that the linear 
velocity of the rim is v, the angular 
velocity of the ring is w, and let 

a = area of section; 
w= specific mass; 
f= radius; 

ft=\mit tension in rim; 
M =mass of portion considered. 

* Mr. T. J. Rodhouse of the University of Missouri kindly assisted in the work 
of this chapter. 
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The element under consideration will tend to fly out with a force 

P=-^=aXr6XmX—, (i) 

and there will exist at the same time a tension in the rim equal to 

ha, 

as shown in the figure. Now these forces (fto) are acting nor- 
mal to the cross-section as shown, but they may be resolved 
into forces normal and parallel to the direction of P, and thus 
we may easily obtain a summation of forces. 

Taking the components normal to P, we find their value is 

/<acos— , and that they balance one another. The components 


parallel to P are equal to fta sin — and act in opposite direction 

to P, whereupon we may write 

e v2 

2fa sin - =^aXrdXmX—; 

but since — is taken a very small angle, — =sin — , whence 

had'^arOfn--, 
' r 

ft=niv^ (2) 

This same discussion applies to drums. Even if strengthened 
at the ends, if the drum is of not too small length, the above 
analysis may be made. 
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II. 

Stresses in Revolving Disks. 

Many turbines have their blades arranged on disk wheels. 
It therefore is profitable to consider the stresses occurring in 
such cases. Consider the stresses occurring on an elementary 
portion of a revolving disk, shown in the accompanying figure. 
These stresses are due to the centrifugal force of the elementary 
portion. This centrifugal force is not 
shown in the figure, but may be known 
as P. Letting the thickness of the disk 
be taken as unity, we find the value of 
Pas 
">" P^aPrrdd'drm 

=maPr^d0dr. 

In order that these stresses may be in 

equilibrium, the summation of the forces 

along any axis must be zero. 

f/6,S6 Take first the forces tangential and 

we find two equal and opposite forces, 

the resultants of the forces /; hence there is equilibrium in that 

direction. 

Take now the radial components of all forces acting and 
their summation results ^as follows: 

maPrHddr=jdrde +prdd - (p -\-dp)(r +dr)de. 

Neglecting products of differentials, we have, after elimination, 

(u^r^drm = }dr — pdr — rdp 

= }dr-(pdr+rdp); 

jdr = (pdr +rdp) + o?rHrm, 
d(pr) 




whence 



/=- 



dr 



+muPr^. 



(3) 
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In order that this equation may be solved it will be necessary 
to find another relation between / and p. This can be done in 
the same manner as for thick cylinders, which has just been 
investigated. That is, by considering the strain or elongation 
which the elementary portion is subjected to because of these 
stresses. For this let the following notation be used : 

£ = modulus of elasticity; 
€=Poisson's ratio; 

A = displacement in direction of r of any point, due to the 
stress. 

Whereupon the strain or elongation in the direction of / at 
radius r is found as follows: 

In Fig. 57 let -45 denote the position of any fiber at dis- 
tance r when there is no stress. Upon application ' of stress let 
the fiber take up a position -4 '5' a distance r+X from the center. 
Then the original length of the fiber through- 
out the entire circle will be 2;rr an^ the length >\'^, 
when imder stress will be 27r(r-hA). The x'r 
whole fiber has been stretched or elongated a 
distance 

27:{r+k)—27rr, 

from which the unit elongation or elongation 
per imit length is 

27i:(r+X)—27rr X 




ri6, S7 



which is the strain in the direction of /. Remembering that the 
strain times the modulus of elasticity is equal to the stress in the 
direction of the strain and that the stress in the direction of / is 
f—epf we may write 



^- 



l-'f, (4) 
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and since the radial strain is -j-, we have 

dr 



4-^-^1' (5) 



The solution of these equations give 

E /X dX\ 



, E Ik dk\ 



and 



E Idl l\ 



Substituting the results of equations (6) and (7) in equation (3), 
we have 

E /X dX\ dp dr 

E rr/dX X\ dX X-\ 

from which we find 

X dX r JdX X\ dX X i-c^ 
r dr dr \dr r / dr r E 

rVJdX\ JX\1 dX X i-£2 

rrd^X /rdX-Xdr\'\ dX X i-«2 
''dldi^H-?—)rTr+'J+^-'^'^'' 

which gives on elimination 

d^XdX Xi-^ ,- 
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If this equation is now multiplied by r^ it will have the form of 
a homogeneous linear equation; thus, 

,(PX dX , I-£2 

The solution of this equation contains within itself the solution 
of the first term equal to zero, from which the complementary 
function is obtained and general solution for the particular inte- 
gral. The sum of the complementary function and the particular 
integral is the complete solution of the equation. The student 
is advised to look up equations of this kind in Murray's " Differ- 
ential Equations" or Forsyth's "Differential Equations." 

d 
To solve this equation, let r—=0, whereupon the equation 

will reduce to 



where 



0(0-i)X-0X-X^Kr^, 
{e^-i)X=Kr^ 



-(i?m. 



E 

Letting {0^ — i)=o^ we have as the roots of this equation 

whereupon the complementary function is 

Cr-^+Cir=C/r^Cir. 
The above equation [{d^ — i)X=Kf^'\ may be written 

X_ r3 

K (^2_iy 

Breaking the second term into partial fractions, we have 

K \6+i^e-xr' 
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and solving for iVi and iV2, we find 

^1=-^ and N2 = hl 
Whence 

K \ 2 0+1^2 d-ir 

whereupon we may write the particular integral 

=[-hr-^fr-^-^r^dr+^r-^fr+^-^r^dr]maP ^ 

=[-ir3+Jr3]w^^ 



i-e2 



m 



The complete solution being the sum of the complementary 
function and the particular integral gives 

A=^+Cir-ir3w^^^j, .... (9) 

j^=-^+Ci-fr3ma>2(^^j, .... (10) 

where C and Ci are constants depending on whether the disk is 
solid or has a hole in its center. 

Let the values of C and Ci be found as follows: 

I St. For solid disk: 

X=o when f==o, 
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whence, from equation (9), 

Ar=C+Cir2-^ g^: , 

o=C+o-o, 
C=*o; 



whence 



and 



A (i — ^)mit?r^ 

:. -=o+Ci- g^ ; 



dA ^^ 3(1- £2)^,^2 

3- = — o + Ci 



Substituting these values in equation (7), we have 

^=7:r?Ln<^^ 8£^>/ +^^ 8£ J' 

but />=o when f=ri= outer radius, whence ^ 

^=rr^L^i(^+o- 8£ J, 

(i-g)(3 + g)wt£;2;>^2 

Using this value of C\ in the equations (9) and (10) and sub- 
stituting as solved in equation (7), we find 



^=-?-(3 + ^)(''l='-''2), (II) 
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which we see is a maximum for r=o, whence 

which is the value of the stress at the center of the disk. Solving 
for / in equation (6), we find 



i~^{Z + ^)ri^-i^+Z^yl . • . . (12) 



which is also a maximum for r =o, whence 

/max=K^/»ri2)(3 + e)=^^,, (12') 

2cl. Disk with hole in center: 
Let To = radius of hole. 

Then ^=owhenr=ro and r=ri. 



Substituting the values of — and -r- as found in equations (9) 



and (10) in equations (6) and (7), we have 



and 



P-T:r^l-^^'-')^c,{i+e)- '' ^\^' 1 (14) 



STRESSES IN REVOLVING RINGS AND DISKS. 97 

whence 

f pf C , gi ii+3f>»^-| ... 

^-\t^{i+^)^i-s~ SE J' • • ^'5) 

When r=fi," 

p=o=E^-^^^^^+j~^ J. . (17) 

When r=rot 

^°°°n~^?(rT7)+73; 8£ — J- • ^'^) 

From (17), 

i+e i-e 8£ ' 

From (18), 

i+e~i-s 8£ ' 

whence 

(i+e)(3 + e)wt^(ri2+f(^) 
^^~ 8£ 

and substituting Ci in (17), we find 

(l+£)(3 + £)WOjgfigro2 

^~ 8£ 
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Substituting these values in (15) and (16), we find 

^='~8~L(^+3)(V"+''i+"°)-(3^+0'''| • (19) 

^-T"[(^+3)(rx^+r„-^-..)] (.0) 

It is evident when r=ro that / is a maximum, that is, at the cir- 
cumference of the hole. Making this substitution, we have 

/max.=— [(3 + e)ri24-(i-e)ro2], . . , (21) 

and also 

/>=o. 

If the hole is so small that r^ may be neglected, it will appear 
that 

4 

which it will be seen is just twice the stress occurring at the 
center of a disk having no hole in the center (eq. 12'). 

Note. — ^The student must not think that substituting ro=o, 
in equation (21), will give the stress at the center of a disk having 
no hole. Such a substitution is incorrect here, but may be made 
in equation (19) if desired, and the correct result obtained. Why 
this is so I think is apparent. 

It will be noted that the De Laval turbine wheels are made 
solid throughout for the reason given above. 
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JANNETTAZ, EDWARD. A Guide to the Determination of Bocks: 

being an Introduction to Lithology. Translated from the French by G. 
W. Plympton, Professor of Physical Science at Brooklyn Polytechnic 
Institute. 12mo, cloth Si. 50 

JOHNSTON, Prof. J. F. W., and CAMERON, Sh- CHARLES. Elements 

of Agricultural Chemistry and Geology. Seventeenth edition. 12mo. 
cloth $2.60 

KAPP, GISBERT, C. E. Electric Transmission of Enei^, and its 

Transformation, Subdivision, and Distribution. A practical handbook. 
Fourth edition revised. 12mo, cloth $3.50 

KEMP, JAMES FURMAN, A.B., E.M. A Handbook of Rocks; for 

use without the microscope. With a glossary of the names of rocks and 
other lithological terms. Third edition, revised. 8vo, cloth. Illus- 
trated $1.50 

KLEIN, J. F. Design of a High-speed Steam-engine. With notes 
diagrams, formulas, and tables. Second edition, revised and en- 
larged. 8vo, cloth. Illustrated. 257 pages net, $5.00 

LASSAR-COHN, Dr. An Introduction to Modem Scientific Chem-' 

istry, in the form of popular lectures suited to University Extension Students 
and general readers. Translated from the author's corrected proofs for 
the second German edition, by M. M. Pattison Muir, M.A. 12mo, cloth. 
Illustrated $2.00 

LODGE, OLIVER J. Elementary Mechanics, including Hydrostatics 
and Pneumatics. Revised edition. 12mo, cloth $1.50 

LUQUER, LEA McILVAINE, Ph.D. Minerals in Rock Sections, 

The Practical Method of Identifying Minerals in Rock Sections with the 
Microscope. Especially arranged for Students in Technical and Scientific 
Schools. New edition, revised. 8vo, cloth. Illustrated net, $1.50 

MILLER, E. H. Quantitative Analysis for Mining Engineers. 8vo, 
cloth net, $1.50 

MINIFIE, WM. Mechanical Drawing. A Text-Boole of Geometrical 

Drawing for the use of Mechanics and Schools, in which the Definitions and 
Rules of Geometry are familiarly explained; the Practical Problems are ar- 
ranged from the most simple to the more complex, and in their description 
technicalities are avoided as much as possible. With illustrations for Draw- 
ing Plans, Sections, and Elevations of Railways and Machinery: an Introduc- 
tion to Isometrical Drawing, and an Essay on Linear Perspective and 
Shadows. Illustrated with over 200 diasrams engraved on steel. Tenth 
thousand. With an appendix on the Theory and Application of Colors. 
8vo, cloth $4.00 
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MINIFIE9 WM. Geometrical Drawing. Abridged from the Octavo 
Edition, for the use of schools. Illustrated with 48 steel plates. 
Ninth edition. 12mo, cloth $2.00 

MOSES, ALFRED J., and PARSONS, C. L. Elements of Mineralogy, 

Crystallography, and Blow-Pipe Analysis, from a Practical Standpoint. 
336 illustrations. New and enlarged edition. 8vo, cloth $2.^0 

NASMITH, JOSEPH. The Student's Cotton Spinning. Thh^ edition, 

revised and enlarged. Svo, cloth. Illustrated. . $3.00 

NUGENT, E. Treatise on Optics; or^ Light and Sight theoretically 

and practically treated, with the application to Fine Art and Industrial 
Pursuits. With 103 illustrations. 12mo, cloth $1.50 

OLSEN, Prof. J. C. Text-Book of Quantitative Chemical Analysis 

by Gravimetric, Electrolytic, Volumetric, and Gasometric Methods. With 
seventv-two Laboratory Exercises giving the analysis of Pure Salts, Alloys, 
Minerals, and Technical Products. Svo, cloth. Illustrated. 513 pages. 

net, $4.00 

OUDIN, MAURICE A. Standard Polyphase Apparatus and Systems. 
With many diagrams and figures. Third edition, thoroughly revised. 

Fully illustrated $3.00 

PALAZ, A., Sc.D. A Treatise on Industrial Photometry, with special 
application to Electric Lighting. Authorized translation from the French 
by George W. Patterson, Jr. 8vo, cloth. Illustrated $4.00 

PABSHALL, H. F., and HOBART, H. M. Armature Windings of 

Electric Machines. With 140 full-page plates, 65 tables, and 165 pages 
of descriptive letter-press. 4to, cloth $7.50 

PATTON, HOBACE B. Lecture Notes on Crystallography. Bevised 
edition, largely rewritten. 8vo, 47 pages $1.25 

PAULDING, CHAS. P. Practical Laws and Data on Condensation 

of Steam in Covered and Bare Pipes. Svo, cloth. Illustrated. 103 pages. 

net, $2.00 

The Transmission of Heat through Cold-Storage Insulation. 

Formulas, Principles, and Data relating to Insulation of every kind. A 
Manual for Refrigerating Engineers. 12mo, cloth. 41 pages. Illustrated. 

net, $1.00 

PEBBINE, F. A. C, A.M., D.Sc. Conductors for Electrical Dis- 
tribution; Their Manufacture and Materials, the Calculation of the Cir- 
cuits, Pole Line Construction, Underground Working and other Uses. 
With diagrams and engravings. Svo, cloth net, $3.50 

PEBBY, JOHN. Applied Mechanics. A Treatise for the Use of 

Students who have time to work experimental, numerical, and graphical 
exercises illustrating the subject. 650 pages. Svo, cloth net, $2.50 

PLATTNEB. Manual of Qualitative and Quantitative Analysis with 

the Blow-Pipe From the last German edition, revised and enlarged, 
by Prof. Th. Richter, of the Royal Saxon Mining Academy. Translated 
by Prof. H. B Cornwall, assisted by John H. Caswell. Illustrated with 
78 woodcuts. Eighth edition, revised. 463 pages. Svo, cloth . net, $4.00 
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POPE, F. L. Modem Practice of the Electric Telegraph. A Tech- 
nical Handbook for Electricians, Managers, and Operators. Seventeenth 
edition, rewritten and enlarged, and fully illustrated. 8vo, cloth.$l .50 

PBELINI, CHARLES. Tunneling. A Practical Treatise containing 
149 Working Drawings and Figures. With additions by Charles S. Hill, 
C.E., Associate Editor ''Engineering News." Second edition, revised. 
8vo, cloth. Illustrated $3.00 

Earth and Bock Excavation. A Manual for Engineers, Contractors, 

and Engineering Students. 8vo, cloth. Illustrated. 350 pp net, $3.00 

PBESCOTT, Prof. A. B. Or^nic Analysis. A Manual of the 
Descriptive and Analytical Chenustiy of Certain Carbon Compounds in 
Common Use; a Guide in the Qualitative and Quantitative Analysis of 
Organic Materials in Commercial and Pharmaceutical Assays, in the Esti- 
mation of Impurities under Authorized Standards, and in Forensic Exami- 
nations for roisons, with Directions for Elementary Organic Analysis. 
Fifth edition. 8vo, cloth $5.00 

Outlines of Proximate Organic Analysis, for the Identification, 

Separation, and Quantitative Determination of the more commonly occur- 
ring Organic Compounds. Fourth edition. 12mo, cloth $1.75 

First Book in Qualitative Chemistry. Twelfth edition. 12mo, 

cloth net, $1.50 

and OTIS COE JOHNSON. Qualitative Chemical Analysis. A 

Guide in the Practical Study of Chemistry and in the Work of Analysis. 
Fifth fully revised edition, entirely rewritten. With Descriptive 
Chemistry extended throughout. 8vo, cloth net, $3.50 

RANKINE, W. J. MACQUORN, C.E., LL.D., F.R.S. Machinery and 

Mill-work. Comprising the Geometry, Motions, Work, Strength, Con- 
struction, and Objects of Machines, etc. Illustrated with nearly 300 
woodcuts. Seventh edition. Thoroughly revised by W. J. Millar. 8vo, 
cloth $5.00 

The Steam-Engine and Other Prime Movers. With diagram of 

the Mechanical Properties of Steam. With folding plates, numerous 
tables and illustrations. Fifteenth edition. Thoroughly revised by W. J. 
Millar. 8vo, cloth $5.00 

Useful Rules and Tables for Engineers and Others. With 

appendix, tables, tests, and formulae for the use of Electrical Engineers. 
Comprising Submarine Electrical Engineering, Electric Lighting, and 
Transmission of Power. By Andrew Jamieson, C.E., F.R.S.E. Seventh 
edition, thoroughly revised by W. J. Millar. 8vo, cloth $4.00 

A Mechanical Text-Book. By Prof. Macquom Rankine and E. E. 

Bamber, C.E. With numerous illustrations. Fourth edition. 8vo, 
cloth $3.50 

Applied Mechanics. Comprising the Principles of Statics and Cine- 
matics, and Theory of Structures, Mechanics, and Machines. With numerous 
diagrams. Seventeenth edition. Thoroughly revised by W. J. Millar. 
8vo, cloth $5.00 

Civil Engineering. Comprising Engineering, Survejrs, Earthwork, 

Foundations, Masonry, Carpentry, Metal-Work, Roads, Railways, Canals, 
Rivers, Water-Works, Harbors, etc. With numerous tables and illus- 
trations. Twenty-first edition. Thoroughly revised by W. J. Millar. 
8vo, cloth. S6.50 
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SATEAUy A. Experimental Researches on the Flow of Steam 

Through Nozzles and Orifices, to which is added a note on The FloW of 
Hot Water. Authorized translation by H. Boyd Brydon. 12mo, cloth. 
Illustrated net, $1.50 

RAYMOND, E. B. Alternating Current Engineering Practically 

Treated. 8vo, cloth. Illustrated. 232 pages. Second edition, revised. 

net, $2.50 

REINHARDT, CHAS. W. Lettering for Draughtsmen, Engineers and 

Students. A Practiced System of Free-hand Lettering for Working Draw- 
ings. New and revised edition. Eighteenth thousand. Oblong boards. 

$1.00 

RICE, Prof. J. M., and JOHNSON, Prof. W. W. On a New Method 
of Obtaining the Differential of Functions, with especial reference to the 
Newtonian Conception of Rates of Velocities. 12mo, paper $0.50 

RIPPER, WILLIAM. A Course of Instruction in Machine Drawing 

and Design for Technical Schools and Engineer Students. .With 52 plates 
and numerous explanatory engravings. 4to, cloth $6.00 

SEVER, Prof. G. F. Electrical Engineering Experiments and Tests 

on Direct-Current Machinery. With diagrams and figures. 8vo, pam- 
phlet. Illustrated net, $1.00 

and TOWNSEND, F. Laboratory and Factory Tests In Elec- 
trical Engineering. 8vo, cloth. Illustrated. 236 pages net, $2.50 

SHELDON, Prof. S., Ph.D., and HOBART, MASON, B.S. Dynamo 

Electric Machinery; its Construction, Design, and Operation. Direct- 
Current Machines. Fifth edition, revised. 8vo, cloth. Illustrated. 

net, $2.50 

Alternating Current Machines. Being the second volume of the 

authors' "Dynamo Electric Machinery; its Construction, Design, and 
Operation." With many diagrams and figures. (Binding uniform with 
volume I.) Fourth edition. 8vo, cloth. Illustrated net, $2.50 

SHIELDS, J. E. Notes on Engineering Construction. Embracing 
Discussions of the Principles involved, and Descriptions of the Material 
employed in Tunneling, Bridging, Canal and Road Building, etc. 12mo, 
cloth. . $1.50 

SNELIi, ALBION T. Electric Motive Power: The Transmission and 

Distribution of Electric Power by Continuous and Alternate Currents. 
With a section on the Applications of Electricity to Mining Work. 8vo, 
cloth. Illustrated 

STAHL, A. W., and WOODS, A. T. Elementary Mechanism. A Text- 
Book for Students of Mechanical Engineering. Eleventh edition, en- 
larged. 12mo, cloth. $2.00 

STALEY, CADY, and PIERSON, GEO. S. The Separate System of 

Sewerage; its Theory and Construction. With maps, plates, and illus- 
trations. Third edition, revised and enlarged. 8vo, cloth $3.00 



